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BORDISMS AND TFTS - EXERCISE 4

Definition. An elementary cobordism is a manifold with boundary posessing an admissible
Morse function f with exactly one critical point p.

(1) Elementary cobordisms
(a) Show that an elementary cobordism determines a cobordism.
(b) Find all the elementary unoriented cobordisms for n = 1, 2.
(c¢) Find 3 non-examples of elementary cobordisms.
(d) Decompose Y, i.e. the genus 2 surface, into elementary cobordisms in two ways.
(e) Which connected surfaces can be framed?
(2) Euler characteristic (mod 2) as a cobordism invariant.

(a) Let M, N be two n-dimensional compact closed manifolds. Prove the following
formulas for the Euler characteristic:

(1) x(M x N) = x(M)x(N),
(i) x(oM) = (1 — (=1)3mM)x(M).

(b) Prove that the Euler characteristic modulo 2 is an unoriented cobordism invari-
ant.

Definition. The braid group B, is the group with generators o1, 09, ...,0,_1 subject to the
relations 0,410,041 = 0;05410; for all 1 <4 <n — 2, and 0,0 = 0j0; for i — j > 2.

Definition. The symmetric group S,, is the group with generators si, so, ..., S,—1 subject to
the relations s;y15;5i41 = sisi415; for all 1 < i< n —2, s;5; = sjs; for i —j > 2 and 5% =1
forallie {l,..,n—1}.

Remark. Given a family of groups {G),}nen such that Gg = {1} we can build a category G
whose objects are the non-negative integers and whose morphisms are given by

g fm+#n

Homg (m, n) = { B, iftm=n

(3) Show that the below categories are braided monoidal. Which ones are symmetric
monoidal?
(a) (Vectk,®), with braiding the flip map 7: VW - WaV.
(b) (Vecty,®), with braiding the flip map 7: VW - W ® V.



(¢) B = ({Bn}nen,®), where ® : B x B — B is defined by addition on objects and
group homomorphisms pp, 5, : Bp X By — Bpim given by pm (04, 0;) = 0i0m4;
foralll<i<m—1,1<j<n-—1 Thebraiding 8 =8p,: m+n—->n+m
is defined as follows: set v = 0,01 ...01 € Bp41 and 7(1’) =1l +v+1pp1€
Byt for pe {0,1,...,m — 1}. Then By, 1= O @) A (m=1),

Hint: Finding a pictorial description of the above can be helpful.

(d) S = ({Sn}n,®) with the analogous braided monoidal structure as in (c).



