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Often one has a functor F which

one expects to be an equivalence , but
without a natural pseudo- inverse .
In this case

_
the following criterion is

Useful i

Def Lett : C-D be a functor
.

* Fis essentiakyso-rje.tv if

Hd C-D 3- CEC and an isomorphic

Fc → d

✗ F is faithful / full / fully faithful

it Had c-C the map

Honked) € How /Fatal
is injective / surjective /bijective

→ PrEp: A functor F is an equivalence
of categories if and only if it is

essentially surjective and fully faithful .



-

Matu → VectisExample:
a tr ten

A- c-hʰ✗ʰtn hn - teh

an Ax

is an equivalence :

✗ Ess
. surj. bags that every f-du.sk

is isomorphic to some K
"

& Fully faithful says that

Howl 4944=2 huh

Lemn F : Curb fully faithful

c-f-d in C : f is iso⇔ Ff is iso

"

⇒
"

was an edercisé

⇐
-

: 71g:c're s -
t Fg=(Ff5

'

F( go f) =FgoFf=idE= Fide ⇒ go f-id
same way get f.5- idc' ☐

Hence: F :(→D- is an equivalence
⇔ its fully faithful and induces
a bijection between the isomorphism
classes of C and D



EI .

Fin set E Set full subcat . coffin. Sets

- C : OS (C) = 2%0

him>o - tlomlnin) - House, /{1- it , {4-141

→ functor C -Flin set
him {Ii- in}

is an eq. of cat's .

More generally : ( cat .

SEOSKI sit
. V-cc-C-Jdc-si-c.EC'

me
' full soscat of Cwitlosccks

uncle is an eq.

EE Gelfand duality :

✗ compact flausdorf top . space

→ CCM ={ ✗-6 continuous/

m4fU=ma& /fall
Norm : ✗EX

f n f
'
ECK) : fÑ= FAT

- this is a C-ay .

→ functor CHTOÑP → GAY
✗ tr CCM

Thy (Gelfand) : This is an equivalence .



To prove
the prop ,we will use

the following

lemma :

Leung C cat
.
cfd

,

etc '

duh di
Iso :S

.

~ 7? C
' -4'd' S.t. one (or equivalents

all) of the following commute:

g-
I

c←5'd CIC' C. ← c
'

ft t f ' f- 1 If
'

f ↓ If
'

d ← d'did
'

did
'

a-
'

c -7 C' PI f'=L ◦ fog
-
' does it

.

ft 1£
'

d ← d'

hi

Lenya: CID cat's

II. GD functors

✗IFK hat
.

transf .

✗ is an iso
.

of functor

⇔ ACEC: & :Fc→Cc is an Iso in A

PÉ⇒ʰ If Piaf is an inverse nat . transf,
Bc is an inv . to &

%" > For Cee let Bc=✗i
'

: Corfe
.

For f :c-→ d : ✗doff -Ffotc ⇒ Ffo Be = Roloff ⇒ R
is not transf . to



Pfotep: first F :(→D Sean equivalence .

Take a pseudo - inverse G :Drc

with isomorphisms ×:Foh É idpg
,

B:(of _E idc of functors
.

Ford c-D: ✗
a
:FCdÉd

⇒ F is essentially sorj .

Consider c§d in C with Ff=Fg :
s

CFC Fic
± lemma ⇒ f=g

GFg=Cff1 If org ⇒F is faithful
CFD c

'

⇒ So is GfyPa
symmetry

consider c. IEC and Fc KFC' in D

GFC ¥ c

Gtd ¥,

c¥ᵗ
lemma ⇒ Ff of ,,

Ckd
making this
commute

Lemma
again ⇒ hFf=Gk

Lfaithful
If=L =\ I is full⇒

⇒ F is fully faithful .



Conversely
, assume

that F is fully

faithful tess
. Sorj .

Via axiom of choice
,
we choose

for each DED an object GDEC

1- an isomorphism Ford#d in D.

For d&d' in D consider

Ffnd -4 d

7in
⇒

de

Ford
'
→ d'

✗
d
'

Gh

F fully faithful ⇒ 3- ! Cd → Gd's .tICh=n

~ Need to check that wehaveconstructed
a functor C:Dnc

.

← For DED : Fad # d

Faidd / idea 1 ↓ idd

Fad %,
d

Leanna ⇒ Farida =idFad=Fidqd
F faithful =\ Gidd - idad

.

• d Kd' -9'd" :

Fad -4' d ⇒ aeoaé

Folke't f déoe =Ne•e's

⇒ G is afunctor
.

or Falke"
#ad

"

Ja" d"



By construction of G ,

dtntd gives a mat transf ✗ : FGÉid☐

Still need B : GFÉ Idc :

For CEC
,
since F is fully faithful ,

F ! Bc : GFCÉC St
.

FBC = ¥ : FGFC -5--12

For Cfd
,
need

Bc
CFC → C

GFF f tf

a
GFI Tpa
to commute : Its image under F

Commutes since ✗ is hat . transf ,
and hence by faithfulness of Fso

does this diagram .

☐


