
✗ Coproducts : Kili c-I c- :

The coproduct of the Ci is an object

¥± Ci C- C together with morph .

Gi : Ci - ¥⇒ci St
tfd c-C , Ai : Ci-d) i≤I Ff : I Ci →d

I C-I

sat
.

Hi ! fo6i=fi

NOTE Coproducts in case the same
as products in COP !

Eg Coproducts exist in :
set : Ici = disjoint union of

the Ci

Ab : Gi as grp ⊕ Gi direct sum
IEI

G-
,
Gi

5h10 ,- is ,- - -0)

Gi Ki G homomorphisms

- ⊕ Gi →ʰG
IEI

(si) +iÉ±Y5i)
sane eg in Moda

Corp: free product of groups



Univessalpropoties
Some examples of universal properties
C cat :

• products : I Cinder)set
,
Cci)i⇔ E OSCGI

The (direct / product of the Ci is an

object IT Ci c- C together with morph .

IEI

Ti : IT Ci → a. for
all ic-IS.tt

ic-I-vdc-C.lt/fi:dnci1ic-IF!f:dYI-ICis.t.ttic-I:lTiof=fi
These exist e.g.in Set

,
Mode

,
Grp , Top

(product top ! )
,
Cat :

(G) i≤I categories:m±Ci cat :

OH¥,Cil = IT Obki)IEI

How/ (cities
, Kilic- It :=¥± tlonlci.ci )

with termwise composition



& Cat : (G) i←± categories

v11Ci category :

iÉs( 4-G) = ¥10bkitIEI

⇐Cic C' c-Cjn Hom / Cry ={
Home; key if i=j

∅ iti≠j

with the composition from theCi .

• c ¥ d in C :

s
an equalizer of fig is amorphism

d -4C S.f. fotgol and sat
.

ten C set fok -_ go k

Fi eared e
e;
4ᵗʰ

↳ e.=L d [
C C

'

g

Igi In set : D= {✗c-clfkt-gklfac.laGrp : still D= { ✗c-ctfu-8kt}
which is now asubgroup Ofc .

Eg: If g : C-C
' constant Lou

txcc : ✗but

the equalizer ☒f- faced g is
the kernel off

.



In cat: D= Subcat
.
of c

consisting of those objects
✗ c- C for which f(H=gK1

But as we already saw ,
it is

not a good idea to ask for

equality in a category, so this is
not very useful . We obtain a

more natural construction by

replacing
'

equality" with
"

isomorphism" :

C C
'
functors ~ cat D:

Objects : ( cell : CEC

h: Fca→GKI
iso in D

morph ( Ceh) →Id ,hY :
morph CBC' ein Cst

.

FKI →ʰG(c)
Fight t.GG)
FK't GUY

commutes

Have functor : D Fc
G.4 H C

S ti 9



+ an isomorphism of functors
Fok -590K

(Ceh) ti h : FCCIÉCKI

→ This satisfies a univ . prop .

analogous to the one ofaaeq .

among all functors Eitc

together with an isomorphish -1-4=402.

This is the 2-equalizes in the

2- cat . of cat's .



& Dually : A coequalizer of

C ¥ c' in C is amorphism

c
' -4 d set

.

hof -_hog and set

Hike st
. 408=4057 !die :L-- lol

c Ie' -id
s µ É

Ex : In Set :

Have eq. rel . ~ on C
'

givenby

✓ My c-C
'

✗my ⇔ 3-2- C- C : fczkx ,

g.12-1=11

→ D=%

So
eg if R≤

C' xD is an egret

then % is the coeq of R c!
Iz

In Top: same quotient equipped with
quotient topology

In Grp : CIC'

→ N = normal susgr.
S



of d Sen by { fcclgkt
' Iced

m D= CYN
So e.g for

NEC normal
,

the quotient % is the

coequalizer of NÉ%
um 1

One can also form 2- coke

of categories ,but this is more complicated.

* Initial object : CEC is an initial

object if ltdec F ! c-id inc

Alis is the product over the empty set .)

EE In Seti 0

In Grp: {R
In Moda: 0

In Cat : ∅

✗ Dually: A final object CEC is one s-t
Vd c- b 3-! duc in C

Eg : In set :{*} In Cop : {11
In Moda : 0 In Cat : {*I


