
All small limits can be built out of

products and equalizers :

Prof, Lett : Irc sea small diagram .

Then a limit off is the same

as an equalizer of

IT Fi IT Fj
IEI b iFjeI

where a is defined by

IT Fi Fi Fi# Fj
IEI

for i£j and b by

ITFI Ii Fj .

IEI

Pf By construction , for CEC ,
a

morphism c%I,=Fi with



aog
= Jog is the same as

morphisms CFT-is.tt/ikjia
c the diagram

§ Fj
C LFF

Fi

commutes
.

So this is the same

as a cone CTF
.

Hence this

equalizer has the same UP as limf
I

and so the claim follows from Yoneda
.

☐

Dually, coliwits can be built out of
coproducts and coequalizers.

So a category is complete ( resp .

co completes its it admits all equal .
and all small products (resp .

all coeq .

and all small coproducts /
This implies:

EE Set
,
As

,Mode
,
Top are complete

and cocomplete .



so.meexamples.IS
,
≤I pre-ordered set

m C : 0861=5

Honks't {
^ Sss

'

∅ else

(this describes categories in which
between any two objects there
is at most one morphism

. /

F-I -C u hñIF=ihf{Flit lift ]
Colin,=F= SUP LFCIIIIEI]
(if they exist)

so e.g. if ✗
,>xz≥ . . is abounded

decreasing Seg .

in IR
,

then

1in ✗i is
the limit of the

i-o

diagram . . .

→ ↳→←A

• limits over the diagram

- -
_ ,

• -7
- → co

are also called
"

inverse limits
"

"

projective
" limits

.

Eg Ep = 11in ( _ .
→ 7psec→&pz /



Colimits over

•- - - -
- -

• direct limit
"

orare called

" inductive limit?

• Fiber products / pullbacks are
limits of diagrams .

c.

a- off
S

and are often denoted

C
,
✗ dcz .

E.gin set Cada- {Cadfael
flxtgi /

So e. g if 9 is an inclusion
,

G z
= f-

'

(G) Cci .
.

So e-g if g-
- {d} is a single point,

then Gxdcz - f-
'
(d) is the filer

of f over D;

Dually cohmits of
d.sc

,

±
are called pushcarts .



Def: Let I be a small category
and GD categories which admit
all limits of shapeI .
LetF : I-C be a diagram of shape I
and G:C-D be a functor

.

we get a diagram Gof :I-D.

Have the univ cone d: timeFrf
given by morph . di : lion,=FuFi
for all i c-I. By applying G we get
morph Cldil : Cellini ,=Fl - GIF it

,
these form a cone Gcdl :GHinIFkCoF
Hence there is a unique morph

G( limit) -time Got
sat HIEI the diagram
CelliniF) → tiny Got

Adil} It! ← univ cone

for GFGLFGY
Commutes .

We say that [ preserves limits of

shape I if this morph .
action,=Fk4in¥F



is an isomorphism for all F.

Dually, if C and D admit all colianits
of shapeI , we get a morph .

Colin,=GoF → GkokinIFl ,
and we say that G preserves Colin,'t,
of shape I if this is an iso for allF.

Prof. If C and D are 601 coeoapkte ,
then C:C-D preserves all small Kol limits

if and only if it preserves all Ccolproducts
and all Kolequalizers .

Pfi This follows from our description
of Kos limits in terms of Kol products
and Kolequalizers .

☐

Ed: • Let a : AS → Set be the forgetful
functor

.

This preserves all limits
,

sinceit preserves products and

equalizers . It does not in general
preserve coliunits . Eg for coproducts

,

the nap
¥±Gi-iIGi



is never a bijection. .
The same holds for the forgetful
functors from Top , Cop , Modr , . . . .
Def A functor between kolcowplete
categories which preserves all small
Kol limits is called kokoatiniuous

.

Functionality of Kol limits :

t.sn#at.aTat . which
admits all limits indexed byI
→ F- I-' C ti limit can be extended
to a functor Fun (ICFI → C :

Fat
'

: I-C
,
✗ :F-F

'
hat

. transf
.

1 : liinIF→F ,
d
'
: limit

'
-F
'

univ - cones

~ ✗ ad : lion,=F TF
'
cone

⇒ 7! liinIFi¥✗ liar,=F
'

morph .

st
.

V-i←I the diagram

limit → lion,=F
'

dit Iti
'

Fi -4 F' i
commutes

.



One checks that this defines a functor

/ tiny
:Fun/IcCl →C

Dually oneobtains a functor

Colin
,=
: Fancied-1C

if all Colinits ofshapeI exist in C.

Examples:

=(Cil
,
Ceil objects of C + morph Cci i'lief

i e-I IEI

→ Ci → Ici
'

IEI IEI

• A
,

± Az
fit Ifr Comm diagram of grps
B
,
- B-
hz

→ f , restricts to a
how Kerch in herm

(since kerki-e.gl A , Aa /

Change of index category :
• I #I' functor of small categories
• Coat which admits all 1-

and I
'
- indexed

limits
• F. I'→ C functor - FOH

? Idc

✗ : limIiF→F Univ . cone

ic-I-limI.F-T-t.li' ,
these give a cone

>Hi'



do H : 11in,=,F -1 FOH

→7! morph limit - time-1-01-1

sat
.
HIEI the diagram

time ,F-- 11in ,=FoH
+Hit 1- Hii
Fti = FHI

Commutes
.

As usual
,
we get a dual result for Colinits

.

E.g: ICI
' sets i functor I-II' of disco.cat

,

-

→ IT a- → IT ci
' hat

"

proj . morph"inC
IEI IEI

'

( if theseproducts existing


